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Abstract 

In Phys. Rev. A 62, 062314 (2000), Diir, Vidal and Cirac indicated that there are infinitely many SLOCC 
classes for four qubits. Verstraete, Dehaene, and Verschelde in Phys. Rev. A 65, 052112 (2002) proposed 
nine families of states corresponding to nine different ways of entangling four qubits. In Phys. Rev. A 75, 
022318 (2007), Lamata et al. reported that there are eight true SLOCC entanglement classes of four qubits 
' up to permutations of the qubits. In this paper, we investigate SLOCC classification of the nine families 

proposed by Verstraete, Dehaene and Verschelde, and distinguish 49 true SLOCC entanglement classes from 
them. 
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1 Introduction 

m 

Recently, many authors have exploited SLOCC (stochastic local operations and classical communication ) 
\ classification. Diir et al. showed that for pure states of three qubits there are four different degenerate 

SLOCC entanglement classes and two different true entanglement classes [T], and for pure states of four 
qubits, there are infinitely many SLOCC classes. Their proof is briefly described here. A general state of 
n qubits depends on 2 x 2™ — 2 real parameters in pQ. In [I], the invertible local operator a was fixed to 
that det(a) = 1. Hence, the local operator a depends on six real parameters. Thus, the set of SLOCC 
classes of n qubits depends on at least 2 x 2™ — 2 — 6n real parameters. Then, it was asserted [T) there exist 
finite SLOCC classes for three qubits while infinite SLOCC classes for n > 4 qubits. The argument is not 
complete due to the following two reasons, (i). By the definition, for any invertible operator a, det(a) ^ 0. 
The operator a with det(a) ^ still depends on eight real parameters because we can image to remove a 
hyperplane det(a) = with six real parameters from a space with eight real parameters. That is, the set of 
SLOCC classes of n qubits depends on at least 2 x 2™ — 2 — 8n real parameters. By the argument in [T], this 
lower bound allows for a finite number of SLOCC classes for n = 4. (ii). In Sec. 7.1 of this paper, we show 
that two different true SLOCC entanglement classes constitute a continuous Family L a4 in [2J. The state L ai 
with a = and the state L ai with a — 1 represent these two classes. Clearly, the latter class including the 
state L ai with a^0 can be labeled by a continuous parameter a ^ 0. It means that finite parameters may 
allow for finite SLOCC classes. In other words, it cannot be asserted that there exist infinite SLOCC classes 
for four qubits even though the set of SLOCC classes of four qubits depends on at least six real parameters. 

Verstraete et al. [5] proposed that for four qubits, there exist nine families of states corresponding to 
nine different ways of entanglement. They gave a representative state for each family and claimed that by 
determinant-one SLOCC operations, a pure state of four qubits can be transformed into one of the nine 
families up to permutations of the qubits. 

In [3] [4], the authors used the partition to investigate SLOCC classification of three qubits and four qubits. 
The idea for the partition was originally used to analyze the separability of n qubits and multipartite pure 
states in [5]. In 0], the authors reported that there are 16 true SLOCC entanglement classes of four qubits, 
where permutation is explicitly included in the counting. Up to permutations of the qubits, there are eight 
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true SLOCC entanglement classes of four qubits. We can show that this classification is not complete. For 
example, for Span {0^,0^} in [4], the canonical states are 

|0000) + |1100) + o|0011) + 6|1111) and 

10000) + jllOO) +a|0001) + a|0010) + fejllOl) + 6|1110), 
where a^6^. It was pointed out in [Sj that for the former canonical state, a = —b and a ^ —b represent two 
different true SLOCC entanglement classes, while for the latter canonical state, ab = and ab ^ represent 
another two different true SLOCC entanglement classes. It says that the partition approach cannot classify 
the two subfamilies represented by the above canonical states under SLOCC. Using the method in this paper, 

we can classify each Span { } in [3]. In total, the eight Spans {...} in [3] include more than 16 true SLOCC 

entanglement classes. 

Miyake proposed the onionlike classification of SLOCC orbits [7]. The simple criteria for the complete 
SLOCC classification for three qubits were given in [8]. In [9], we proposed the SLOCC invariants and semi- 
invariants for four qubits. Using the invariants and semi- invariants, it can be determined if two states belong 
to different SLOCC entanglement classes. In [6], in terms of invariants and semi- invariants we distinguished 
28 distinct true entanglement classes of four qubits, where permutations of the qubits are allowed. That 
classification is not complete. The invariants and semi-invariants only require simple arithmetic operations. 
In this paper, we will investigate SLOCC classification of each family in [2] by means of invariants and 
semi-invariants. We want to know how many SLOCC entanglement classes there are for each family by the 
definition in [T]. For example, in this paper we show that Family L ai only has two SLOCC entanglement 
classes: L a4 with a — and L ai with a ^ 0, which both are true entanglement classes. The class L a4 with 
a ^ includes a continuous parameter of SL (determinant-one SLOCC) classes. We also show that Family 
L a2 o 3ffil only has two SLOCC entanglement classes: L a2 o 3m with a = and L a2 o 3S)1 with a ^ 0, and the 
latter is a true entanglement class. As well, we demonstrate that the class L a2 o 3mi with a includes a 
continuous parameter of SL classes, and can be labeled by a continuous parameter a^0. 

In this paper, we distinguish at least 49 true SLOCC entanglement classes from Verstraete et al.'s nine 
families. For example, Family G a bcd, 13; Family L a bc 2 , 19; Family L a2 b 21 4; Family L a b 3 , 8; Family L ai , 2; 
Family L a2 o 3m , 1; Family £o 5ffl3I 1; Family L 07S)1 , 1; Family Lq x , 0. We give the complete SLOCC 
classifications for families L ai , L a2 o 3ei , Lq 5S)3 , Lo ml , and £o 3+I o 3+I - But we cannot guarantee that the 
SLOCC classifications for other families are complete. 

In Sec. 3 of this paper, we exploit the classification for Family G a b c d- In Sec. 4 of this paper, we discuss 
the classification for Family L a (, C2 . In Sec. 5 and Sec. 6 of this paper, we study the classification for families 
L a2 t 2 and L a b 3 , respectively. For the classifications of other families, see Sec. 7. 

For the readability, we list the definitions of invariants and semi-invariants in Sec. 2 of this paper. 

2 SLOCC invariants and semi-invariants 

The states of a four-qubit system can be generally expressed as 

15 

|V>)=5>i|i). (2.1) 

i=0 

By definition in [TJ, two states and are equivalent under SLOCC if and only if there exist invertible 
local operators a, (3, 7 and S such that 

\tp') =a®/?<g>7<g><5|V>), (2-2) 
where the local operators a, f3, 7 and S can be expressed as 2 x 2 invertible matrices 

a =( ai °*)>f>=( f R R 2 )>^=( 71 ^ )> S =( I" I")' 
\ a 3 a 4 J \ /3 3 /3 4 J ' ^ 73 1a J \ h 5 4 J 
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2.1 SLOCC invariant 

Let \ip') — X)l=o a il*) m ^1- ^ IV*') is SLOCC equivalent to \^}, then the following equation was 

derived by induction in [S]. 

X(V>') = Xty) det(or) det(/3) det( 7 ) det(<5), (2.3) 

where 

X(r/}) = (a ai 5 - O1O14) - (a 2 ai 3 - a 3 ai 2 ) - (a 4 an - a 5 ai ) + (a 6 a 9 - a 7 a 8 ) (2.4) 

and 

T(i>') = (a' 2 a' 13 - o 3 o' 12 ) + (a' 4 a' n - a' 5 a! w ) - {a' a' 15 - aia' 14 ) - (agOg - a' 7 a' 6 ). (2.5) 

Notice that does not vary under 5X-operations, i.e., determinant-one SLOCC operations, or vanish 
under non-determinant-one SLOCC operations. It is easy to sec that if and \ip) arc equivalent under 
SLOCC, then either T(ip') = = or T(i/j')T(i/j) 7^ 0. Otherwise, the two states belong to different 

SLOCC entanglement classes. Especially, if X(ip') 7^ X(^/>) , then \ip) and \ip ) are inequivalent under SL- 
operations. Eq. (|2.3[) implies that each SLOCC entanglement class has infinite Si-classes. This is also true 
for n qubits. 

By solving matrix equation in Eq. (|2.2p . we obtain the amplitudes a! i of By substituting a! i into the 
above X(i/)') in Eq. (|2.5p . we obtain the values of X(ip') in the Tables of this paper. 

2.2 Semi-invariants D x , D 2 and D 3 

In [S][B], we defined D^tp) for the state |i/>) as follows. 

Di(ip) = (aidi - a a 5 )(aiiai4 - a w ai 5 ) - (a 3 a 6 - a 2 a 7 )(a 9 ai 2 - a$a 13 ), (2.6) 
D 2 (ip) = (a 4 a 7 - a 5 a 6 )(a 8 an - a 9 a w ) - (a a 3 - aia 2 )(ai 2 ai 5 - 013014), (2.7) 
D 3 (ip) = (a 3 a 5 - aia 7 )(a w a 12 - a 8 ai 4 ) - (a 2 a 4 - a a 6 )(aiiai 3 - 09015). (2.8) 

Let be the representative states in Tables in this paper. By solving matrix equation in Eq. (|2.2p . we 
obtain the amplitudes a- of \ip'). By substituting a- into D\, D 2 , and D 3 in Eqs. (|2.6I2.7I2.8|) . we obtain 
the values of D\, Z3 2 , and D 3 in these Tables. If Di = for some class in these Tables, then it implies that 
Di = for for all the states of that class. If Di is A for some class in these Tables, then it means that Dj = 
for some states of that class while Di 7^ for other states of that class. For example, for the class A1.2 in 
Table I, D\ is 0, D 2 is A, and D 3 = 0. It says that for some state of the class A 1.2 in Table I, D 2 7^ while 
Di = D 3 = for each state of the class Al.2. 

2.3 Semi-invariants Fj 

Fi(ip) = (ooa 7 - a 2 a 5 + aia 6 - a 3 a 4 ) 2 - 4(a 2 a 4 - a a 6 )(a 3 a 5 - 0107), 

^MVO = ( a 8 fl i5 - anOi2 + a 9 ai 4 - ai ai 3 ) 2 - 4(aiiOi 3 - a 9 ai 5 )(ai ai 2 - a 8 ai 4 ), 
^(VO = (ooan - a 2 a 9 + aiOio - a 3 a 8 ) 2 - 4(a 2 a 8 - a ai )(a 3 a 9 - OiOu), 
Fi(ip) = (a 4 ai 5 - a 6 ai 3 + a 5 ai 4 - a 7 ai 2 ) 2 - 4(a6ai 2 - a 4 ai 4 )(a 7 ai 3 - 05015), 
Fb{ip) = (aoai 3 - a 4 a 9 + 01012 - a 5 a 8 ) 2 - 4(a 4 a 8 - a ai 2 )(a5a 9 - 01013), 
Fe(ip) = (a 2 a 15 - a 6 an + a 3 a i4 - a 7 ai ) 2 - 4(a 6 ai - a 2 ai 4 )(a 7 an - 03015), 
-fr(V') = (00014 - 04010 + a 2 ai 2 - a 6 a 8 ) 2 - 4(a 4 a 8 - a ai 2 )(a 6 ai - 02014), 
Fs(ip) = (01015 - a 5 an + a 3 ai 3 - a 7 a 9 ) 2 - 4(a 5 a 9 - aiai 3 )(a 7 an - a 3 ai 5 ), 
F 9 (ip) = (a a 15 - a 2 a 13 + 0^14 - a 3 ai 2 ) 2 - 4(a ai 4 - a 2 ai 2 )(aia 15 - a 3 a 13 ), 
^lo(V>) = (04011 - o 7 a 8 + a 5 ai ~ a 6 a 9 ) 2 - 4(a 7 a 9 - a 5 a n )(a 6 a 3 - a 4 a 10 )). 

Let be the representative states in Tables in this paper. By solving matrix equation in Eq. (|2.2|) , we 
obtain the amplitudes of By substituting a! i into the above Fi, we can obtain the values of Fi. Thus, 
we can derive the properties of Fi for a SLOCC class. 
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Denotation. Let P = det 2 (/3) dct 2 (oj det 2 (7), Q = det 2 (a) det 2 ( 7 ) dct 2 (<5), R = dot 2 (a) det 2 (/3) dct 2 (S), 
S = dct 2 (a) dct 2 ( 7 ) dct 2 (/3), T = det(a) det(/3) det( 7 ) det(5). 

3 Family G abcd 

The representative state of this family is G abcd = ^(|0000) +|1111)) + ^(|0011) + |1100)) + ^(|0101) + 
1 1010) ) + ^7p(|0110) + 1 1001) ) . G a bcd becomes a product state of two EPR pairs for the following cases: 

a = b = c = d; x = y = z ~ and u^O: x = y = z = — u; x = y = —z = —u, where x, y, z, u are 
distinct and x, y, z, u £ {a, b, c, d}. 

When either b = c = and a — ±d ^0ora = rf = and 6 = ±c ^ 0, the states obtained from G a bcd 
belong to the class \GHZ). 

The state G a bcd satisfies the following equations. 

J= (a 2 + 6 2 + c 2 + d 2 )/2, 
Di = (ac + bd) (ab + cd) /4, 

D 2 = (a 2 + b 2 -c 2 - d 2 )(-a 2 + b 2 -c 2 + d 2 )/16, 

D 3 = -(-ac + bd)(ab - cd)/A, 

Fi = (b 2 - c 2 ) (a 2 - d 2 )/4, i = 1 to 8, 

F 9 =a 2 d 2 1 F 10 = b 2 c 2 . (3.1) 

We consider the following four subfamilies and list the true SLOCC entanglement classes of each subfamily 
in Tables I (1), I (2.1), I (2.2) and I (2.3). 

3.1 Subfamily G a bcd with x = y = and zu ^ 0, where different x, y, u, v G {a, b, 

c, d} 

(1). Gabcd with a = d = and be ^ is equivalent to G a bcd with b = c = and ad ^ under SLOCC 
<j x ® I ® I ® u x , where / is the identity matrix. 

(2) . Gabcd with c = d = and a6 ^ is equivalent to G a bcd with a = & = and cc? ^ under SLOCC 

/ ® CTy ® (T y ® /. 

(3) . Gahcd with 6 = d = and ac ^ is equivalent to G a bcd with a = c = and bd ^ under SLOCC 

/ ® CTa; ® / ® a x . 

(4) . Gabcd with b = d = and ac 7^ is equivalent to G aoc d with c = d = and ab ^ 0. This is because 
a(|0000) + |1111) + |0011) + |1100>) + c(|0101) + |1010) - |0110) - |1001>) 

= a ® (3 ® 7 ® <5(— a(|0000) + |1111) + |0011) + |1100>) + c(|0101) + |1010) + |0110) + |1001))), where 
a = 7 = diag{i, 1}, (i — diag{—i, 1} = —5. 

Hence, we only need to consider the subfamily G a bcd with b = c = and ad ^ 0. In this subfamily 
Gabcd with b = c = and ad 7^ 0, there are three true SLOCC entanglement classes, denoted as Al.l ( i.e., 
\GHZ)), A1.2, and Al.3. 

For the class Al.l, it includes states G a bcd with b = c = and a = ±d 7^ 0, which are equivalent to 
\GHZ). 

For the class A1.2, it includes states G a bcd with b = c = and a 2 + d 2 = 0. Al.2 is a true SLOCC 
entanglement class. We can argue this as follows. It is straightforward to verify G a bcd(b = c = 0, d = ±ai) = 
a ® (3 ® 7 ® <5 G a bcd(b = c = 0,a = l,d = ±i), where a = <5 = diag(y/a, 1) and /3 = 7 = diag(l, ^fa). Also, 
G a bcd(b = c = 0,a = l,d = -i) = a ® /? ® 7 ® SG a bcd(b = c = 0, a = 1, d = i), where a = diag{i, 1), 
/3 = diag(l, —i), 7 = diag(—l, 1), and 5 = F 

Verstraete indicated that Family G af)C(i includes the state |0 4 ) = (|0000) + |0011) + |1100) - |llll))/2. 
Now, we can exactly say that the state |</> 4 ) is in the class Al.2 whose representative is the state G a bcd(b = 
c = 0, a = l,d = i). This is because the representative state is equivalent to |</> 4 ) under SLOCC a®/3®7®5, 
where a = diag(i, 1), (3 = I, 7 = diag(l — i, 1) and <5 = diag(l, —(1 + i)). 
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For the class A1.3, it includes states G a bcd with b = c = and a 2 + d 2 7^ 0. We cannot classify A1.3 
further. 

The three classes Al.l, A1.2 and A1.3 are different by the values of 1, D\, D 2 , and D 3 in Table I (1). 

For each state of this subfamily the following equations hold. 

I = (a 2 + d 2 )/2 *T, Di = 0, D 2 = (a 2 - d 2 )/16 * (...), D 3 = 0, 

Fi = a 2 d 2 OL 2 a\ * P, F 2 = a 2 d 2 a 2 3 al * P, F 3 = a 2 d 2 p\$\ * Q, F 4 = a 2 d 2 $\$\ * Q, 

F 5 = a 2 d 2 ~/hl *R, F 6 = a 2 d 2 jfo 2 * R, F 7 = a 2 d 2 SlS 2 2 * S, F s = a 2 d 2 5 2 3 Sl * S, 

F 9 = a 2 d 2 {a.\(5 x a,$± — I3 3 a 3 (3 2 a 2 ) 2 det 2 (5) det 2 (7), 

Fio = a 2 d 2 (-ai/3 3 a 4 /3 2 + !3 x a 3 (3 A a 2 f det 2 (<S) det 2 ( 7 ). 

From the above equations, we have the following property. 

Property 1.1. 

For each state of this subfamily G a b c d with b = c = and ad 7^ 0, if FiF 2 = A F 3 F i = then 
F 9 = A F 107 t or F g ^ A F 10 = 0. 

By computing, we obtain the Table 1(1). For the first row of Table 1(1), each state of the class \GHZ) 
must satisfy I 7^ 0, D\ = D 2 = D 3 = 0. A in this paper may be zero or not. 

Table I (1). The true SLOCC entanglement classes in the subfamily G a bcd with b = c = and ad ^ 



classes 


criteria for classification 


1 




D 2 


£3 


Al.l (i.e., \GHZ)) 


a = ±d 


^0 











A1.2 (i.e., |0 4 » 


a 7^ ±d, and a 2 + d z = 


= 





A 





A1.3, * 


a ^ ±d, and a 2 + d z ^ 


^0 





A 






Note that "*" means that we cannot show that it has only one true SLOCC entanglement class. 

3.2 Subfamily G abcd with x = ±y 7^ and u = ±v 7^ 0, where different x, y, u, 

v G {a, b, c, d} 

3.2.1 Subsubfamily G a bcd with a = ±d 7^ and b = ±c 7^ 

(1). The state G a bcd with a — —d and b = c is equivalent to G a bcd with a = d and b = — c under SLOCC 
I ® a x ® I® cr x . 

(2). The state G a bcd with a = —d and b = — c is equivalent to G a bcd with a = d and b = c under SLOCC 
I ® I ® a x (& a x . 

Therefore we only need to consider the subsubfamily G a bcd with a — d and b = ±c but a 7^ ±6 as follows. 

This subsubfamily has four true SLOCC entanglement classes denoted as A2.1, A2.2, A3.1 and A3. 2. 

For the class A2.1, it includes states G a b c d with a = d, b = c, a 7^ ±6, and a 2 + b 2 = 0. That is, A2.1 
includes a(|0000) + |1111>) ± ai(|0101) + |1010». A2.1 is a true SLOCC entanglement class. We can argue 
this as follows. It is straightforward to verify a(|0000) + |1111>) ± ai(|0101) + 1 1010)) = a O (3 ® 7 O 5 
(|0000) + 1 1 1 1 1) ± i(|0101) + 1 1010))), where a = 5 = diag(^Ja, 1) and (3 = 7 = diag(l, y/a). We can also 
show that two states (|0000) + |1111) ± i(|0101) + |1010))) are equivalent under SLOCC. This is because 
(|0000) + |1111) -i(|0101) + |1010))) = a ® (3® 7® 5 (|0000) + 1 1111) + i(|0101) + |1010»), where 7 = S = I 
and a = (3 = a z . 

For the class A2.2, it includes states G a bcd with a = d, b = c, a 7^ ±6, and a 2 + b 2 7^ 0. We cannot classify 
A2.2 further. 

For the class A3.1, it includes states G a bcd with a = d, b = — c, a 7^ ±6, and a 2 + b 2 = 0. That is, A3.1 
includes a(|0000) + |1111>) ± ai(|0110) + |1001>). We can show that A3.1 is a true SLOCC entanglement 
class as follows. It is plain to verify that a(|0000) + |1111>) ± ai(|0110) + |1001» = a®/3®7®5 (|0000) + 
1 1 1 1 1) ± i(|0110) + 1 1001))), where a = (3 = diag(y/a,l) and 7 = 5 = diag(l,y/a). Furthermore, we can 
demonstrate that (|0000) + |1111) + i(|0110) + |1001>)) = a®/?®78 <5(|0000) + |1111) - i(|0110) + |1001»), 
where 7 = S = I and a — (3 — a z . 

For the class A3. 2, it includes states G a bcd with a = d, b = — c, a 7^ ±b, and a 2 + b 2 7^ 0. We cannot 
classify A3. 2 further. 

The four classes are different by the values of 1, D\, D 2 , and D 3 in Table I (2.1). 
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Table I (2.1). The true SLOCC entanglement classes in the subsubfamily G a bcd with a = d and b = ±c 
but a 7^ ±b 



classes 


criteria for classification 


I 


Di 


D 2 


D 3 


A2.1 


b = c, a 2 + b 2 = 


= 


A 








A2.2, * 


b = c,a 2 + b 2 ^0 


^0 


A 








A3.1 


b = -c, a 2 + b 2 = 


= 








A 


A3. 2, * 


b = -c, a 2 + b 2 ^ 










A 



Let us show that this subsubfamily is different from the subfamily G a bcd with x = y = and zu 7^ as 
follows. 

The representative state of this subsubfamily is G a bcd with a = d and b = ±c. From Eq. (13. ip . this 
representative state satisfies Fj = 0, i = 1 to 8, Fg = a 4 , and Fio = b 4 . This violates property 1.1. Therefore 
this subsubfamily is different from the subfamily G a bcd with x — y = and zu 7^ 0. 

By calculating, each state of classes A2.1 and A2.2 satisfies the following equations. 

I = (a 2 + b 2 ), Di = ~ab * (...), D 2 = D 3 = 0, 

Fx = (a 2 - b 2 )a 2 a 2 2 * P, F 2 = (a 2 - b 2 )a 2 a 2 4 * P, 

F 3 = (a 2 - b 2 )dldl * Q, F 4 = (a 2 - b 2 )^ * Q, 

F 5 = (a 2 - b 2 hh 2 *R,F 6 = (a 2 - 6 2 ) 7 2 7 2 * R, 

F 7 = (a 2 - b 2 )5\5 2 2 *S,F S = {a 2 - & 2 )<5 2 <5 2 * S, 

We omit Fg and Fiq because they are too complicated. From the above Fi, we can derive the following 
property 1.2. 
Property 1.2. 

(1) . For each state of the subsubfamily G a bcd with a = d and b = c but a ^ ±6, 

(i) . if J = 0, thenFg =F W , 

(ii) . if FiF 2 = A F 3 F A = 0, then F 9 ^ A F w ^ 0, 

(iii) . if J ^ and F X F 2 = A F 3 F± = 0, then F g ^ F w . 

(2) . For each state of the subsubfamily G a b c d with a = d and & = c but a ^ ±6, if iqi 7 ^ = A F 3 = F4 = 
or F3F4 = A Fx = F 2 = 0, then D x ^ 0. 

3.2.2 Subsubfamily G abc d with a = ±6 ^ 0, and c = ±d 7^ 

(1). When a = i)Ac = dora = — feA c = — d, and a 2 + c 2 = 0, the states are in A2.1. 

(2) . When a = &Ac = dora = — bA c = —d, and a 2 + c 2 7^ 0, the states are in A2.2. 

(3) . When a = b A c = — d or a = — b A c = d, and a 2 + c 2 = 0, the states are in A3.1. 

(4) . When a = b A c = — d or a = — b A c = d, and a 2 + c 2 7^ 0, the states are in A3. 2. 

3.2.3 Subsubfamily G abc d with a = ±c ^ and b = ±d ^ 

The states G a bcd with a = ±c and b = ±d are equivalent to the states G a bcd with a = ±6, and c = ±d in 
the above subsection 3.2.2 under SLOCC. For example, the state G a bcd with a = c and b = d, denoted as 
G a bcd{a = c and 6 = d), is equivalent to the state G a bcd with a — b, and c = d, denoted as G a b c d(a = b and 
c = d). This fact can be verified as follows. Let a = S = diag{i, 1}, /? = 7 = diag{~i, 1}. Then, it is easy 
to see that G a bcd(cL = b and c = d) = a ® /3 ® 7 ® SG a b c d{a = c and & = <i). 

3.3 Subfamily G7 a b c d with either a = ±d 7^ and 6 7^ ±c, or 6 = ±c 7^ and a 7^ ±d 

Note that 

(1) . The state G a bcd with b = c and a 7^ ±d is equivalent to state G a b c d with a — d and 6 7^ ±c under 
d x ® I ® a x ® I. 

(2) . The state G a bcd with 6 = — c and a 7^ ±d is equivalent to the state G a bcd with a = d and 6 7^ ±c 
under a x ® I ® I ® <j x . 

(3) . Furthermore, the state G a bcd with a = — d and 6 7^ ±c is equivalent to the state G a bcd with a = d 
and 6 7^ ±c under I®I®a x ®cr x . 

Therefore, we only need to consider the subfamily G a bcd with a = d and b 7^ ±c as follows. 
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This subfamily has four true SLOCC entanglement classes denoted as A4.1, A4.2, A4.3 and A4.4. 
For the class A4.1, it includes states G a bcd with a = d, either a = ±6 or ±c, and 2a 2 + b 2 + c 2 = 0. 
For the class A4.2, it includes states G a bcd with a = d, either a = ±b or ±c, and 2a 2 + b 2 + c? ^ 0. 
For the class A4.3, it includes states G a bcd with a = d, a ^ ±b, a ^ ±c, and 2a 2 + b 2 + c 2 = 0. 
For the class A4.4, it includes states G a bcd with a = d, a ^ ±b, a ^ ±c, and 2a 2 + b 2 + c 2 ^ 0. 
We cannot classify A4.1, A4.2, A4.3 or A4.4 further. 

Table I (2.2). The true SLOCC entanglement classes in the subfamily G a bcd with a = d and b ^ ±c 



classes 


criteria for classification 


X 




D 2 


As 


A4.1, * 


cither a = ±b or ±c, and 2a 2 + b 2 + c 2 = 


= 


A 


A 


A 


A4.2, * 


either a = ±6 or ±c, and 2a 2 + b 2 + c 2 =/= 




A 


A 


A 


A4.3, * 


a^±b, a 7^ ±c, and 2a 2 + b 2 + c 2 = 


= 


A 


A 


A 


A4.4, * 


a ^ ±b, a ^ ±c, and 2a 2 + b 2 + c 2 ^ 




A 


A 


A 



We demonstrate the following properties of this subfamily. 



When a = d, G abc d becomes G abc d(a = d) = a(|0000) + |llll)) + ^(|0101) + |1010)) + ^(|0110> + |1001)). 
Any state connected with G a bcd(a — d) by SLOCC satisfies the following: 
1= l/2(2a 2 + b 2 + c 2 )T, 





= {a 2 


-b 2 )(a 2 


-c 2 ) 2 a 2 a 2 2 P,F 2 


= (a 2 


-b 2 )(a 2 


- c 2 ) 2 a 2 a 2 4 P, 


F 3 


= (a 2 


-b 2 )(a 2 


-c 2 ) 2 pl(3 2 2 Q.F, 


-(a 2 


~b 2 )(a 2 


- c 2 ) 2 p 2 3 PlQ 


F, 


= (a 2 


-b 2 )(a 2 




= (a 2 


-b 2 )(a 2 


c 2 ) 2 ihlR, 


F 7 


= (a 2 


-b 2 )(a 2 


-c 2 ) 2 ^,^ 


= (a 2 - 


-b 2 ){a 2 - 


- c 2 ) 2 5jSlS. 



We omit the complicated expressions of D%, D 2 , D 3 , Fg and Fio. 
From Eq. (|3.2|) . we have the following property 1.3. 
Property 1.3. 

(1) . From Eq. (|3.2p , each state of the subfamily G a b c d with a — d, b 7^ ±c, and either a = ±6 or ±c 
satisfies Fi = 0, i = 1 to 8, and when b 2 + c 2 ^ 0, \F 9 \ + \F W \ ^ 0. 

(2) . From Eq. ()3.2|) . for each state of the subfamily G a b c d with a = d. b ^ ±c, a 7^ ±6 and a ^ ±c, if 
F\ = F 2 = F% = F4 = 0, then one can obtain (i) Fg 7^ and F10 7^ whenever abed 7^ 0, and (ii) Fg 7^ F10 
whenever a 7^ b 2 c 2 . 

From Eq. (|3.2[) , Fi 7^ 0, i = 1, 8 for some states of the subfamily G a bcd with a = d, b ^ ±c. Therefore, 
classes A4.1, A4.2, A4.3 and A4.4 are different from each other. Also see Table I (2.2). 

Let us argue that this subfamily is different from the subfamily G a b c d with x = y = and zu 7^ and 
the subfamily G a bcd with a = ±d and b = ±c as follows. 

The representative state of this subfamily is G a bcd with a — d and b 7^ ±c. From Eq. (13. ip . this 
representative state satisfies Fi — 0, i — 1 to 8, Fg — a 4 , F 10 — b 2 c 2 , D\ = a 2 (b + c) 2 /4 7^ 0, D 2 — 
(b 2 — c 2 ) 2 /16 =/= 0, -D3 = —a 2 (b — c) 2 /4 7^ 0. These Fj violate property 1.1. Hence, this subfamily is different 
from the subfamily G a b c d with x — y = and 7^ 0. These Di also violate the criteria for Di in Table I 
(2.1), therefore this subfamily is different from the subfamily G a bcd with a — ±d and b = ±c. 

3.4 Subfamily G abc d with a; 7^ ±y, or 1 / ±y but only one r = s, where x, y £ {a, 

b, c, d}, r G {±a, ±<i}, and s G {±&, ±c} 

Class A4.5 includes states G a b c d with a 2 + b 2 + c 2 + d 2 = 0. The class A4.6 includes states G a b c d with 
a 2 + b 2 + c 2 + d 2 7^ 0. We cannot classify A4.5 or A4.6 further. 

Table I (2.3). The true SLOCC entanglement classes in the subfamily G a bcd with x 7^ ±y 



classes 


criteria for classification 


1 


Di 


D 2 


D 3 


A4.5, * 


a 2 + b 2 + c 2 + d 2 = 


= 


A 


A 


A 


A4.6, * 


a 2 + b 2 + c 2 + d 2 ^ 


^0 


A 


A 


A 



For this subfamily, X = i(a 2 + b 2 + c 2 + d 2 )T. The two classes are different because of their different 
values of X. See Table I (2.3). 
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4 Family L abc2 



The representative state of this family is L abC2 = ^(|0000) + 1 1111>) + ^(|0011) + |1100)) + c( |0101) + 
1 1010} ) + |0110). When a = b = c = 0, this becomes a full separable state. We divide Family L a t, C2 into three 
subfamilies. They are the subfamily L a b C2 with c = 0, the subfamily L a b C2 with abc 7^ 0, and the subfamily 
L a bc 2 w ith c ^ 0, ab = 0. We list the true SLOCC entanglement classes of each subfamily in Tables II (1), 
II (2), II (3), and II (4), and demonstrate that these classes of each subfamily are distinct true SLOCC 
entanglement classes in Appendix A. 

4.1 The classification for the subfamily L abC2 with c = 

Here the state L abC2 with c = represents this subfamily. Let L a b C2 (c = 0) = (|0000) + |HH)) + 
2^(|0011) + |1100» + |0110). The subfamily L abC2 (c = 0) includes the following five distinct true SLOCC 
entanglement classes. The five classes are denoted as Bl.l, B1.2, B1.3, B1.4, and B1.5. See Table II (1). 

For the class Bl.l, it includes states L abC2 with c = and a = b ^ 0. That is, Bl.l includes a(|0000) + 
|1111>) + |0110). Bl.l is a true SLOCC entanglement class because a(|0000) + |1111>) + |0110) = a <g> <g> 
7 <g> <5(|0000> + jllll) + |0110)), where 7 = 5 = I, a = diag(l, a), and = diag{a, 1). 

For the class B1.2, it includes states L a i> C2 with c = and a = -b ^ 0. That is, B1.2 includes o(|0011) + 
|1100>) + |0110). B1.2 is a true SLOCC entanglement class because o(|0011) + |H00)) + |0110) = a <g> <g> 
7 <g> <5(|0011) + |1100) + |0110)), where j = 5 = I,a = diag(l, a), and = diag(a, 1). 

For the class B1.3, it includes states L a bc 2 with c = and s / ±i and a 2 + b 2 = 0. That is, B1.3 
includes ^^(|0000) + |1111>) + ^^(|0011) + |H00)) + |0110). We can prove that B1.3 is a true SLOCC 
entanglement class as follows. It is easy to verify that ^±^(|0000) + |1111>) + ^%|0011) + |1100» + 
|0110) = a <g> <g> 7 <g> <5(^±^(|0000) + |1111>) + ^f^(|0011) + |H00)) + |0110>), where a = diag(l,a), 
= diag(a, 1), 7 = 6 = I. Also, we can show that ii±^(|0000) + |1111>) + ^^(|0011) + |1100» + |0110) = 

a <g> 0® 70 (5(^^(10000) + |1111>) + ^±i(|0011) + |H00)) + |0110», where a = diag(l,i), = diag(-i, 1), 
7 = diag{—\, 1), and 6 = 1. 

For the class B1.4, it includes states L abC2 with c = 0, a / ±6, ab 7^ 0, and a 2 + b 2 7^ 0. We cannot 
classify B1.4 further. 

For the class B1.5, it includes states £ a fcc 2 with c = 0, a 7^ ±b, and ab = 0. B1.5 is a true SLOCC 
entanglement class. The following is our argument. §(|0000) + |HH)) ± §(|0011) + |H00)) + |0110) = 
a <g> <g> 7 <g> (5(i(|0000) + |1111» ± 5(|0011) + |1100>) + |0110)), where a = diag(l,a), = diag(a,l), 
j = 6 = I. We can also show |(|0000) + |1111>) + |(|0011) + |1100» + |0110) = a <g> <g> 7 <g> <5(±(|0000) + 
|1111» - 5(|0011) + |1100)) + |0110)), where a = 6 = a z , = 7 = /. 

Classes B1.1-B1.5 are distinct because of their different values of X, D\, D2, and D3 in Table II (1). 

Table II (1). The true SLOCC entanglement classes in the subfamily L abC2 with c = 



classes 


criteria for classification 


1 




D 2 


D 3 


Bl.l 


a = b^0 










A 


B1.2 


a= -b^0 




A 








B1.3 


a 7^ ±6, and a 2 + b 2 = 


= 


A 


A 


A 


B1.4, * 


a ^ ±6, ab ^ 0, and a 2 + b 2 ^ 




A 


A 


A 


B1.5 


a 7^ ±6, and ab = 


^0 





A 






4.2 The classification for the subfamily L abC2 with abc 7^ 

This subfamily has three inequivalent subsubfamilies under SLOCC. They are the subsubfamily L a b C2 with 
abc 7^ and a = b, the subsubfamily L abC2 with abc 7^ and a — —b, and the subsubfamily L a b C2 with 
abc 7^ 0, a 7^ ±b. 

Table II (2). The true SLOCC entanglement classes in the subfamily L abC2 with abc 7^ 
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classes 


criteria for classification 


X 




D 2 


£>3 


B2.1 


a = b, a = ±c 


^0 


A 








B2.2 


a — b, a 7^ ±c, and a 2 + c 2 = 


= 


A 


A 


A 


B2.3, * 


a = b, a ^ ±c, and a 2 + c 2 7^ 




A 


A 


A 


B3.1 


a = —6, and a = ±c 










A 


B3.2 


a = —6, a 7^ ±c, and a 2 + c 2 = 


= 


A 


A 


A 


B3.3, * 


a = —6, a 7^ ±c, and a 2 + c' 2 7^ 




A 


A 


A 


B4.1, * 


a 7^ ±b, a = c, and (3a 2 + b 2 ) = 


= 


A 


A 


A 


B4.2, * 


a 7^ ±6, a = c, and (3a 2 + & 2 ) ^ 




A 


A 


A 



4.2.1 Subsubfamily L a b C2 with abc ^ and a = b 

This subsubfamily has the following three distinct true SLOCC entanglement classes. They are named as 
B2.1, B2.2, and B2.3. See Table II (2). 

For the class B2.1, it includes states L a b C2 with abc 7^ 0, a = b, and a = ±c. That is, B2.1 includes a 
(|0000) + |llll))±a ( |0101} + |1010)) + |0110). We can show that B2.1 is a true entanglement class as follows, 
a (|0000) + |llll))±a ( |0101) + 11010>) + 10110) = a®/3®7®^(|0000) + |llll}± (|0101) + |1010)) + |0110)), 
where a = diag(l,a), 7 = diag(a,l), (3 = S = I. Also, |0000) + |1111) + |0101) + |1010) + |0110) = 
a ® (3 ® 7 O <5(|0000) + |1111) - (|0101) + |1010>) + |0110)), where a = S = a Zl and (3 = 7 = /. 

For the class B2.2, it includes states L a i, C2 with abc / 0, a = 6, a / ±c, and a 2 + c 2 = 0. That is, 
B2.2 includes a (|0000) + 1 1 1 1 1> ) ± ai ( |0101> + 1 1010)) + |0110). We can also show that B2.2 is a true 
entanglement class as follows. a(|0000> + 1 1 1 1 1) ) ± ai ( |0101> + 1 1010)) + |0110) = a ® /3 ® 7 ® <5(|0000) + 
|llll)±i (|0101) + 1 1010)) + 10110)), where a = diag{l,a), 7 = diag{a, 1),/3 = 6 = I. Also, |0000) + |llll)+i 
( |0101) + |1010)) + |0110) = a® /?® 7® 5(|0000) + |1111) - i (|0101) + |1010>) + |0110>), where a = 5 = a z , 
and (3 = 7 = /. 

For the class B2.3, it includes states L a i, C2 with abc 7^ 0, a = b, a 7^ ±c, and a 2 + c 2 7^ 0. We cannot 
classify B2.3 further. 

Classes B2.1, B2.2, and B2.3 are different from each other by the values of X, D\, D 2 , and D 3 in Table 
II (2). 

4.2.2 The classification for the subsubfamily L a t, C2 with abc 7^ and a = —b 

This subsubfamily has the following three distinct true SLOCC entanglement classes. They are denoted as 
B3.1, B3.2, and B3.3. See Table II (2). 

For the class B3.1, it includes states L a bc 2 with abc 7^ and a = — b and a = ±c. That is, B3.1 includes 
a (|0011) + |1100>) ± a ( |0101) + |1010>) + |0110). We demonstrate that B3.1 is a true entanglement class 
below. 

a (|0011) + |1100))±a ( |0101) + 1 1010) ) + 101 10) = a®/3®7®<5(|0011) + |1100)± (|0101) + |1010)) + |0110)), 
where a — S — I, (3 = ^ = diag(a, 1). 

Also, |0011) + |1100)+ |0101) + 1 1010) + 10110) = a®/?®7®^(|0011) + |1100)- (|0101) + 1 1010)) + jOHO)) , 
where a = 7 = I, (3 = a z , and S = —a z . 

For the class B3.2, it includes states L a \, C2 with abc 7^ and a = —b and a 7^ ±c, a 2 + c 2 = 0. That 
is, B3.2 includes a (|0011) + |1100)) ± ai ( |0101) + |1010)) + |0110). We can argue that B3.2 is a true 
entanglement class as follows. 

a (|0011) + |1100))±m ( |0101) + |1010)) + |0110) = a®/?®7<g>£(|0011) + |1100)±i (|0101) + |1010)) + |0110)), 
where a = 6 = I, /3 = j — diag(a, 1). 

Also, |0011) + |1100)+i (|0101) + |1010)) + |0110) = aO/3®7®5(|0011) + |1100)-i (|0101) + |1010)) + |0110)), 
where a = 7 = /, f3 = a Zl and S = —a z . 

For the class B3.3, it includes states L a b C2 with a&c 7^ and a = —6 and a 7^ ±c, a 2 + c 2 7^ 0. We cannot 
classify B3.3 further. 

Classes B3.1, B3.2 and B3.3 are different from each other by the values of X, D\, D 2 , and D 3 in Table 
II (2). 
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4.2.3 Subsubfamily L a b C2 with abc 7^ 0, a ^ ±b, but c = ±a or c = ±6 

Note that the states L a h C2 with abc ^ 0, a ^ ±6, and c = ±6 can be obtained by SLOCC I ® a z ® a z ® I 
from the states L abC2 with afec ^ 0, a ^ ±6, and c = =pa, respectively. 

Furthermore, the state L abC2 with abc ^0, ±6, and c = — a is equivalent to the L abC2 with abc 7^ 0, 
a 7^ ±6, and c = a under SLOCC. The following is our argument. Let p = —a and q = —b. Then, 
from the state 2±£(|0000) + |1111» + ^(|0011) + |1100» + p{ |0101) + |1010» + |0110), we can obtain 
^(|0000) + |1111>) +2^(|0011) + 1 1100)) - a( |0101) + |1010» + |0110) under SLOCC {-a z ) ® a z ® I® I. 

Therefore, we only need to consider states L abC2 with abc ^0, ±6, a = c. This subsubfamily has the 
following two different true SLOCC entanglement classes: B4.1 and B4.2. See Table II (2). 

For the class B4.1, it includes states L a b C2 with abc ^0, ±b, c = a and (3a 2 + b 2 ) = 0. 

For the class B4.2, it includes states L abC2 with abc ^0, ±6, a = c, (3a 2 + b 2 ) ^ 0. 

We cannot classify B4.1 or B4.2 further. 

Classes B4.1 and B4.2 are different because they have different values of X in Table II (2). 

4.2.4 Subsubfamily L a bc 2 with abc ^ 0, and x 7^ ±y, where x, y G {a, b, c} 

We can distinguish two classes B4.3 and B4.4 from this subsubfamily. 

For the class B4.3, it includes states L a b C2 with abc 7^ and x ^ ±y and a 2 + b 2 + 2c 2 = 0. 
For the class B4.4, it includes states L a b C2 with abc 7^ and x ^ ±y and a 2 + b 2 + 2c 2 7^ 0. 
We cannot classify B4.3 or B4.4 further. 

Table II (3). The true SLOCC entanglement classes in the subfamily L a b C2 with abc ^ and x ^ ±y 



classes 


criteria for classification 


1 


£>i 


D 2 


^3 


B4.3, * 


x ^ ±y, a 2 +b 2 + 2c 2 = 


= 


A 


A 


A 


B4.4, * 


x ^ ±y, a A +b 2 + 2c 2 ^ 


^0 


A 


A 


A 



These two classes are different because of their different values of X. 
4.3 The classification for the subfamily L a b C2 with c ^ 0, ab = 

First we show that the state L a b C2 with c^0, b = is equivalent to the state L a b C2 with c^0, a = under 
SLOCC as follows. From the state § (|0000) + |HH)) - §(|0011) + |1100)) + c( |0101) + |1010» + |0110), we 
can obtain § (|0000) + |HH}) + f (|0011> + |1100» + c( |0101) + |1010» + |0110) under SLOCC a® 0®j®5, 
where a = = diag{i, 1}, 7 = 5 = diag{—i, 1}. Therefore, we only consider L abC2 with c 7^ 0, a = below. 

Furthermore, note that the state L abC2 with c 7^ 0, a = 0, and b = — c is equivalent to the state L a 6c 2 with 
c 7^ 0, a = 0, and b = c under SLOCC. We can argue this as follows. From the state ^(|0000) + |1111>) - 
^(|0011) + |1100» - b( |0101) + |1010» + |0110), we can obtain |(|0000) + |HH)) - |(|0011) + |1100)) - 
b( |0101) + |1010>) + |0110) under SLOCC I®I®a z ® (-a z ). 

This subfamily has the following four true SLOCC entanglement classes: B5.1, B5.2, B5.3 and B5.4. 

Class B5.1, it includes states L a &c 2 with c ^ and a = b = 0. That is, B5.1 includes c ( |0101) + 
|1010>) + |0110). B5.1 is a true SLOCC entanglement class because c ( |0101) + 1 1010)) + |0110) = a® (3® 
j®5( |0101) + |1010) + |0110)), where a = 6 = I, = j = diag(c, 1). 

Class B5.2, it includes states L a b C2 with c 7^ 0, a = 0, and b — c. That is, B5.2 includes ^ ( 1 0000) + 
|1111» - IdOOll) + |1100>) + b( |0101) + |1010>) + |0110). B5.2 is a true SLOCC entanglement class 
because L a b C2 (a = 0, b = c) = a ® ® 7 ® 8L a b C2 (a — 0, b = c = 1), where a = 6 = diag(l,Vb), and 
= 7 = diag(Vb, 1). 

Class B5.3, it includes states L a b C2 with c 7^ 0, a = 0, b 7^ ±c, and b 2 + 2c 2 = 0. That is, B5.3 includes 
|(|0000) + |llll))-|(|0011) + |1100))±-^( |0101) + 1 1010)) + 10110). We can show that B5.3 is a true SLOCC 

entanglement class as follows. L a b C2 {a = 0, c = ±bi/V2) = a® 0®^®8L a b C2 {a — 0, b = 1, c = ±i/\/2), where 
a = S = diag(l, \/b~), and = 7 = diag(Vb, 1). Also, L a bc 2 { a = 0, b = 1, c = i/V2) = a® ®"/®5L a b C2 (a = 
0, b = 1, c = —i/^/2), where a = a z , = diag(i, 1), 7 = diag(—i, 1), and S = diag(l, —i). 

Class B5.4, it includes states L abC2 with c 7^ 0, a = 0, b 7^ ±c, and b 2 + 2c 2 7^ 0. We cannot classify B5.4 
further. 
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Tabic II (4). The true SLOCC entanglement classes in the subfamily L a b C2 with c 7^ 0, ab = 



classes 


criteria for classification 


1 


£>1 


D 2 


D 3 


B5.1 


a = b = 


^0 





A 





B5.2 


a = 0, and b = c 


^0 


A 


A 


A 


B5.3 


a = (),b^±c, and 6 2 + 2c 2 = 


= 


A 


A 


A 


B5.4, * 


a = 0, b ^ ±c, and 6 2 + 2c 2 ^ 




A 


A 


A 



5 Family L 



a 2 b 2 



The representative state of this family is L a2b2 = a (|0000) + |HH)) + 6 ( |0101) + |1010>) + |0110) + |0011). 
When a = b = 0, this becomes a product state: 1 01} 13 <g> (|01) + |10))24- We can distinguish four true SLOCC 
entanglement classes in this family, which are denoted as VI, V2, V3, and V4. 

For the class VI, it includes states L a2 b 2 with a — ±6 7^ 0. VI is a true SLOCC entanglement class. The 
representative state is denoted as L a2b2 (a = 6=1) = |0000) + |HH)+ |0101) + 1 1010) + |0110) + |0011). 
The following is our argument. Let a = diag{l, a}, 7 = {a, 1}, and (3 = 5 = 1. Then L a2 b 2 (a = b 7^ 0) = 
a ® (3 ® 7 <g> SL a2 b 2 (a = b = 1). Let a = diag{~i, a}, 7 = diag{—ai, 1}, and /3 = 5 = diag{i, 1}. Then 
L a2 b 2 (a=-6^0) = Q!® / 9®7® 5L a2b2 (a = b = 1). 

For the class V2, it includes states L a2 b 2 with a 7^ ±6, ab 7^ 0, and a 2 + b 2 = 0. We can argue that V2 
is a true SLOCC entanglement class as follows. Let a = diag{l, a}, (3 = J, 7 = diag{a, 1}, and 5 = 1. 
Then, it is easy to verify that L a2 h 2 (with b = ±ai) = a ® (3 ® 7 ® 5L a2 b 2 (a =1,6 = ±z). Furthermore, 
we can demonstrate that L a2 b 2 (a = l,b = —i) = a ® j3 ® 7 (S> 5L a2 b 2 {a = l,b = i), where a = diag(l,i), 
[3 = diag(i, 1), 7 = diag(—i, 1), and (5 = diag(l, —i). 

For the class V3, it includes states L a2 fc 2 with a 7^ ±6, a6 7^ 0, and a 2 + 6 2 7^ 0. Each state of V3 is a true 
entangled state. However we cannot classify V3 further. 

For the class V4, it includes states L a2 b 2 with a 7^ ±b and ab = 0. V4 is a true SLOCC entanglement 
class. The representative state is denoted as L a2b2 (a = 1, b = 0) = |0000) + |1111) + |0110) + |0011). We 
can argue this as follows. We can show that for any a and 6, L a2 b 2 with a 7^ ±6 and ab = is equivalent to 
the representative state L a2 b 2 (a = 1, b = 0) under SLOCC as follows. Let a = diag{l, a}, 7 = diag{a, 1}, 
[3 = 5 = 1. Then L a2 b 2 (a ^0,b = 0} = a®f3®-f®5 L a2 b 2 (a =1,6 = 0). Let a = diag{l, 6}, 7 = diag{b, 
1}, and (3 = 5 = a x . Then, L a2 fc 2 ( a = 0> b^=0} = a®[3®^® 5L a2 b 2 (a = 1,6 = 0). 

Note that the state L a2 b 2 with a = 1 and 6 = 0, and the state L a2 b 2 with a = and 6 
different representative states of the class V4 because |0101) + |1010) + |0110) + |0011) = I®a x ( 
|0000) + 1 1111) + |0110) + |0011)). 

Table III. Four true SLOCC entanglement classes in Family L a2 b 2 



= 1 

5 J ® 



are 

<Jx( 



classes 


criteria for classification 


1 




£> 2 


D 3 


VI 


L a2 b 2 with a = ±6 7^ 


^0 


A 








V2 


L a2 b 2 with a ^ ±6, ab ^ 0, and a 2 + b 2 = 


= 


A 


A 


A 


V3, * 


L a2 b 2 with a 7^ ±6, a6 7^ 0, and a 2 + 6 2 7^ 


^0 


A 


A 


A 


V4 


-L a2 b 2 with a 7^ ±6 and ab = 


^0 


A 


A 


A 



To demonstrate that the four classes in Table III arc distinct true SLOCC entanglement classes, we only 
need to show that the class V4 is different from the class V3 due to the properties of X, D\, D 2 , and D 3 . 
For the class V4, each state of the class V4 has the following F,: 



Fi = a 4 a 2 a 2 P, F 2 = a 4 a 2 ajP, F 3 = a 4 (3\(3\Q, F 4 = a 4 /3 2 /3 2 Q, F 5 = a^fR, F 6 = a 4 iji 2 3 R, F r 



5 2 5 2 S 



a 



Fa = a i 5l5 2 A S 



8 — u, u 3 u 4 >. 

a 4 {a 1 a 4 f3 l (3 4 
4 , 



a 2 a 3 (3 2 (3 3 y 



2 *~ 
F 9 

F w = a 4 (-a 1 a 4 (3 2 (3 3 + a 2 a 3 (3 1 (3 4J 
Clearly, for each state of the class V4, the above Fj satisfy Properties 2.1 and 2.2 in Appendix A. However, 



det 
2 



2 (<5) det 2 ( 7 ), 
det 2 (5) det 2 (7). 



in the class V3 the state L a2 b 2 with a 7^ ±6, ab 7^ 0, and a + b 2 7^ satisfies the following 
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Fi = 0, * = 2, 3, 4, 5, 7, 8; (5.1) 
F x = F 6 = 4ab, F 9 = a\ F w = 6 4 . (5.2) 

Clearly, these Fi in Eqs. (|5.1[) and Eq. (|5.2p do not satisfy property 2.2 in appendix A. Therefore the 
class V4 is different from the class V3. 



6 Family L ah 

The representative state of this family is L ai>3 = a (|0000) + |1111>) + 2±5( |0101) + |1010»+ ^( |0110) + 
|1001)) + ^(|0001) + |0010) + |0111) + |1011)). 

Let us consider three subfamilies, which are the subfamily L a b 3 with a = ±6, the subfamily L a f, 3 with 
a 7^ ±6 and ab = 0, and the subfamily L a b 3 with a ^ ±6 and et6 7^ 0. We demonstrate that these three 
subfamilies are inequivalent under SLOCC and there are at least eight true SLOCC entanglement classes in 
this family below. 

The state L a b 3 satisfies 

1 = -{b 2 + 3a 2 ), A = a 2 (a + 6) 2 /4, D 2 = (a 2 - 6 2 ) 2 /16, D 3 = -a 2 {a - 6) 2 /4, 



*i = F 3 = F 6 = F 8 = (a 2 -b 2 )/2, 
F 2 = F 4 = F 5 = F7 = 0, 

F 9 = a\F w = a 2 b 2 . (6.1) 

Let in Eq. (|2.2p be the state L a b 3 . Let be any state which is equivalent to \ip) under SLOCC. 
By solving matrix equation in Eq. (|2.2p . we obtain the amplitudes <Zj of the state \ip ). By substituting a, 
into Fi, we obtain the following Fi. That is, each state in Family L a b 3 satisfies 



F 1 = (a 2 - b 2 )a{P/2, F 2 = (a 2 - b 2 )a\P/2, 

F 3 = (a 2 -6 2 )^Q/2,F 4 = (a 2 -6 2 )/3tQ/2, 

F 5 = (a 2 -6 2 ) 7 ^/2,F 6 = (a 2 -6 2 )7^i?/2, 

F 7 = (a 2 ~b 2 )5jS/2,F 8 = (a 2 -b 2 )5 4 S/2. (6.2) 



6.1 Subfamily L a t a with a = ±6 

This subfamily has the following three classes: Rl.l, R1.2 and R1.3. 

For the class Rl.l, it includes the state L a b 3 with a = b = 0. Let L a b 3 (a = 6 = 0) = 1 0001) + |0010) + 
1 01 1 1) + 1 101 1) . Clearly, L a b 3 (a = b = 0) is equivalent to the state \W) because L a i, 3 (a = 6 = 0) = 
I(g>I(g>a x ®a x \W). 

For the class R1.2, it includes states L a b 3 with a = b 7^ 0. That is, R1.2 includes L a b 3 {a = 6) = 
a(|0000) + |1111>+ |0101) + |1010>) + -^(|0001) + |0010) + |0111) + |1011)). A representative state is 

Lab 3 {a = 6=1) = |0000) + 1 1111)+ |0101) + |1010) + ^ (|0001) + |0010) + |0111) + 1 1011)). R1.2 is a true 
SLOCC entanglement class because L a b 3 (a = 6) = a <£> (5 <g> 7 ® SL a b 3 (a = 6 = 1), where a = f3 = diag{l, a}, 
7 = diag{a, 1}, and S = diag{\, 1/a}. 

For the class R1.3, it includes states L a b 3 with a = — b 7^ 0. That is, R1.3 includes L a b 3 (a = —6) = 
a(|0000) + |1111)+ |0110) + |1001» + -^(]0001) + |0010> + |0111) + |1011». A representative state is L ab3 (a = 

-6=1) = |0000) + |1111)+ |0110> + |1001) + -^(|0001) + |0010) + |0111) + |1011)). R1.3 is a true SLOCC 
entanglement class because L a b 3 {a = —6) = a ® P 8> 7 ® 5L a b 3 (a = —6 = 1), where a — f3 = diag{l, a}, 
7 = diag{a, 1}, and 5 = diag{l, 1/a}. 

Classes Rl.l, R1.2, and R1.3 are different under SLOCC by the values of I, D\, D 2 , and D 3 in Table 

IV. 
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6.2 Subfamily L a & 3 with a ^ ±b and ab = 

Subfamily L a b 3 with a 7^ ±6 and a6 = has two classes denoted as R2.1 and R2.2. 

For the class R2.1, it includes states L ab3 with a = 0, 6 ^ 0. That is, R2.1 includes L ab3 (a = 0, b ^ 0) = |( 
|0101) + |1010))- f ( |0110) + |1001)) + 4|(|0001) + |0010) + |0111) + 1 1011)). R2.1 is a true entanglement 
class because L a b 3 (a = 0, 6 ^ 0) = a ® j3 ® 7 <£> SL a i la (a — 0,b = 1), where a = /3 = diagjl, 6}, 7 = diag{b, 
1}, and (5 = diag{l, 1/6}. 

For the class R2.2, it includes states L ab3 with a / 0,6 = 0. That is, R2.2 includes L a f, 3 (b = 0) = a 
(|0000) + 1 1111)) + §( |0101) + |1010»+ f ( |0110) + |1001)) + ^flOOOl) + |0010) + |0111) + |1011)). R2.2 
is a true entanglement class because L a h 3 (6 = 0) = a (8 (3 ® 7 ® 8L a i, 3 (a = 1,6 = 0), where a = f3 = diag{l, 
a}, 7 = diag{a, 1}, and (5 = diag{l, 1/a}. 

We argue that classes R2.1 and R2.2 are different under SLOCC as follows. 

For each state of the class R2.1, Fj (i = 1, 8) can be obtained from Eq. I|6.2p by letting a = 0, 

Fg = —^b 2 (a20c3(3 1 (3 3 — Qia4/3 1 /3 3 — aia 3 /3 2 /3 3 + aia3[3 1 [3 4 ) 2 det 2 (7) det 2 (S), 

Flo = -56 2 (a 2 a3/3 1 /3 3 - a 1 a 4 /3 1 P 3 + aia 3 /? 2 /3 3 - aia^iAi) 2 det 2 (7) det 2 ^). 

Then, we derive that for each state in the class R2.1, Fj satisfy the following: 

Property 7.1. If F = then F 9 = F w , i = 1, 2, 3, or 4. 

Property 7.2. If FiF 2 = A F 3 F 4 = then F 9 = F i0 = 0. 

For each state of the class R2.2, Fj (z = 1, 8) can be obtained from Eq. (|6.2[) by letting 6 = 0. Fg 
and F10 are omitted because they are too complicated. We can derive that for each state of the class R2.2, 
Ft satisfy the following properties: 

Property 8.1. If Fi = F 3 = or F 2 = F 4 = then F 9 ^ A F w = 0. 

Property 8.2. If F x = F 4 = or F 2 = F 3 = then F 9 = A F w ^ 0. 

Classes R2.1 and R2.2 are different under SLOCC by the following argument. 

From Eq. fO]) . the state L ab3 (b = 0) in the class R2.2 satisfies Fx = F 3 = F 6 = F 8 = a 2 /2, F 2 = F 4 = 
F 5 = F 7 = 0, F 9 = a 4 , Flo = 0. It is obvious that the state L a j, 3 (b = 0) in the class R2.2 does not satisfy 
property 7.2. Therefore, classes R2.1 and R2.2 are different under SLOCC. 

6.3 Subfamily L ab3 with a 7^ ±b and ab ^ 

This subfamily has two subsubfamilies denoted as R3.1 and R3.2. 

Subsubfamily R3.1 includes states L ab3 with a 7^ ±6, ab 7^ 0, 3a 2 + 6 2 7^ 0. Each one of this subsubfamily 
is a true entanglement state. However, we cannot classify R3.1 further. 

Subsubfamily R3.2 includes states L ab3 with a 7^ ±6, ab 7^ 0, 3a 2 + 6 2 = 0. This subsubfamily consists of 
two inequivalent true SLOCC entanglement classes. Their representative states are denoted as L ab3 (a = 1, 
6 = ±V5i) = |0000) + |1111) + {1± ^ l) ( |0101) + |1010))+ frTVSQ ( |oiio) + |1001)) + ^(|0001) + 10010) + 
|01 1 1) + 1 1011)). We can argue this as follows. Let a — j3 — diag{l, a}, 7 = diag{a, 1}, and <5 = dia<?{l, 1/a}. 
Then, it is easy to verify that the state L ab . 3 (with a 7^ ±6, ab 7^ and 6 = ±V3ca) = a® f3®~f®5L a b 3 (a = 1, 
6 = ±\/3i). Furthermore, we can demonstrate that these two representative states are inequivalent under 
SLOCC. 

Subfamilies R3.1 and R3.2 are different under SLOCC because they have different values of X in Table 

IV. 

6.4 Inequivalent subfamilies 

Lemma 6.1. The subfamily L a b 3 with a =/= ±6 and ab — 0, and the subfamily L a t 3 with a 7^ ±6 and ab 7^ 
are inequivalent to the subfamily L a b 3 with a = ±6 under SLOCC. 

Proof. From Eq. (|6.2[) . it is easy to see that Fi = 0, i = 1, 8, for any state in the subfamily L a b 3 
with a — ±6. While Fj 7^ 0, i = 1, 8, for the state L a b 3 with a 7^ ±6 and a6 = and the state L {, 3 with 
a 7^ ±6 and a6 7^ 0. Hence, the subfamily L a b 3 with a 7^ ±6 and ab — and the subfamily L a b 3 with a 7^ ±6 
and ab 7^ are inequivalent to the subfamily L a b 3 with a = ±6 under SLOCC, respectively. 
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Lemma 6.2. The subfamily L a03 with a ^ ±b and ab = 0, and the subfamily L a b 3 with a ±b and 
ab =/= are inequivalent under SLOCC. 
Proof. 

When a ^ ±b and ab ^ 0, Fj in Eq. (|6.ip do not satisfy properties 7.2 or 8.1. Hence, lemma 6.2 holds. 
Conclusively, Family L a b 3 has at least eight distinct true entanglement classes. See Table IV. It means 



that Family L a b 3 does not include any product state. 

Table IV. Eight True SLOCC entanglement classes in Family L a b 3 



classes 


criteria for classification 


X 


01 


D 2 


D 3 


Rl.l (i.e., \W)) 


L a b 3 with a = b = 


= 











R1.2 


L a b 3 with a — b ^ 




A 








R1.3 


Labs with a = — b ^ 










A 


R2.1 


L a bs with a — 0, b ^ 




A 


A 


A 


R2.2 


Labs with a^0,6=0 




A 


A 


A 


R3.1, * 


L ob3 with a ^ ±b, ab ^ 0, 3a 2 + b' 2 ^ 




A 


A 


A 


subsubfamily R3.2 (two classes) 


Lab, with a ^ ±6, ab ^ 0, 3a 2 + b 2 = 


= 


A 


A 


A 



7 Other five families 

7.1 Family L a4 

The representative state of this family is L a4 = a(|0000) + |0101) + |1010) + |llll)) + (z|0001) + |0110)-i|1011)). 
There are two true SLOCC entanglement classes in this family. 

(1) . The class L a4 with a = 0. In this case, L ai reduces to i|0001) + 1 01 10) — z| 101 1) . Clearly, this is a 
true entanglement class. 

(2) . The class L a4 with a ^ 0. We show that this is a true SLOCC entanglement class as follows. 
Let L ai {a = 1) = |0000) + |0101) + |1010) + |1111) + (ijOOOl) + |0110) - j|1011)). Let a = diag{l 7 a 2 }, 
(3 = diag{l, a}; 7 = diag{l, 1/a 2 }, and 5 = diag{a, 1}. Then, it is easy to verify that for any a / 0, 
Lai = a ® P®1 ® 3L ai (a = 1). 

Therefore, there are two true SLOCC entanglement classes in Family L ai and these two classes are 
different because they have different values of X. See Table V. 

For the class L ai with a / 0, I = 2a 2 T. For iSL-operations, X = 2a 2 . It means that the SLOCC 
entanglement class L ai with a^0 includes a continuous parameter of SL classes. In other words, the class 
L ai with a 7^ can be described by a continuous parameter. 

Table V. Two true SLOCC entanglement classes in Family L ai 





X 


Di 


D 2 


D 3 


L ai with a = 





A 








L a4 with a^0 


^0 


A 


A 


A 



7.2 Family L a203ffil 

The representative state of this family is L 02 o 3ei = a(|0000) + |1111>) + |0011) + |0101) + |0110). We argue 
there are only two SLOCC entanglement classes in this family as follows. 

(1) . The class L a2 o 3(S1 with a = 0. In this case, L Q2 o 3ffll becomes |0) <g> (|011) + 1 101) + 1 110) ) , which is a 
product state of the one-qubit state |0) and the 3-qubit \W). 

(2) . The class L a2 o mi with a / 0. We show that this is a true SLOCC entanglement class as follows. 
The state L a2 o 3ei with o ^ is a true entanglement state. Let L a2 Q 3@1 (a = 1) = |0000) + 1 1 1 1 1) + 

|0011) + |0101) + |0110). Let a — diag{y/a, a 2 }, f3 = diag{l / \/a, 1/a}, 7 = diag{\/a, 1}, and S — diag{\/a, 
1}. Then it is easy to verify that L a2 o 3(B1 (a^0) = a ® (3 <£> 7 ® <5L 02 o 3ffl i (a = 1). 

For the class L a2 o 3S)1 with a 7^ 0, X — a 2 T. For SX-operations, X = a 2 . It implies that the SLOCC 
entanglement class L a2 o 3@1 with a^0 includes a continuous parameter of SL classes. It says that the class 
L a2 o 3m with a^0 can be characterized by a continuous parameter. 

Table VI. One true SLOCC entanglement class in Family L a2 o 3(B1 
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criterion for classification 


1 


Di 


D 2 


D 3 


L a 2 o 3(B1 with o^O 


^0 


A 


A 


A 



7.3 Family L 0sm 

The representative state of this family is L 05Q3 = |0000) + |0101) + |1000) + |1110). This family is a true 
SLOCC entanglement class. Each state of this family satisfies the following: 

T = 0, D x = D 2 = D 3 = 0, F x = F 2 = 0, |F 3 | + |F 4 | ^ 0, |F 5 | + |F 6 | ? 0, \F 7 \ + \F S \ ? 0, F 9 = F w , 

F3F4 — (Fg) 2 . 

7.4 Family L o?01 

The representative state of this family is L 07ei = |0000) + 1 1011) + |H01) + |1110). This family is a true 
SLOCC entanglement class. Each state of this family satisfies the following: 

1 = 0, Dx is A, D 2 is A, £> 3 is A, |F 3 | + |F 4 | + 0, |F 5 | + |F 6 | ± 0, |F 7 | + |F 8 | + 0. 

7.5 Family Lo 3+I o 3+I 

The representative state of this family is £o 3+I o 3+ i = |0) (jOOO) + [111)), which is a product state of the 
one-qubit state |0) and the three-qubit \GHZ) state. 
Summary 

Verstraete, Dchaene, and Verschelde proposed nine families of states corresponding to nine different ways 
of entangling four qubits [3J. In this paper, we investigate SLOCC classification of each of the nine families, 
and distinguish 49 true SLOCC entanglement classes from them. We give complete SLOCC classifications 
for Families L ail L a2 o 3Sjl , £o se3 , ^o 7S)1 and £o 3+ i0 3+ i- But we cannot guarantee that SLOCC classifications 
for Families G abcd , L abC2 , L a2b2 and L aba are complete. 

8 Appendix A: Classification for Family L a ^ C2 

The representative state of Family L abC2 satisfies the following: 
1 = -(a 2 + b 2 + 2c 2 )/2, 

£>i = {a + b) 2 c 2 /A,D 2 = -(a 2 -b 2 ) 2 /l& 1 D 3 = {a-b) 2 c/A, 
Fi = F 4 = F 6 = F 7 = (a 2 - 6 2 )c, 

F 2 = F 3 = F 5 = F 8 = 0,F 9 = a 2 b 2 ,F 10 = c' 1 . (Al) 
8.1 Subfamily L abC2 with c = 0. 

L abC2 becomes L abC2 (c = 0) = ^(|0000) + |1111)) + ^(|0011) + |1100)) + |0110). Each state of this 
subfamily satisfies the following: 
1= i(a 2 + 6 2 )T, 

Di = ^ab(a — 6)aia37 2 7 4 det(a) det 2 (/3) det(7) det 2 (S), 
D 2 = ±(a 2 - b 2 ) det(a) det(/3) det 2 ( 7 ) det 2 {5) 

(2a 2 aia 3 P 1 P 3 + 2b 2 a\a 3 l3 1 (3 3 + a 2 a 2 a 3 (3 2 (3 3 — b 2 a 2 a 3 /3 2 f3 3 + a 2 a\aij3 2 (3 3 — b 2 a\Oi/±(3 2 (3 3 
+a 2 a 2 a 3 (3 1 (3 i - b 2 a 2 a. 3 {5 1 fi i + c?a.\a$ x l3 A - 6 2 aia4/3 1 /3 4 + 2a 2 a 2 a 4 /3 2 /3 4 + 2b 2 a 2 aij3 2 f3 4 ) 
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£> 3 = -\ab{a + 6)aia 3 <5i(5 3 det(a) det 2 (/3) det 2 (7) det(6), 



F t = a 2 b 2 a\a 2 2 P, F 2 = a 2 b 2 a\a\P, F 3 = a 2 b 2 $\0\Q, F 4 = a 2 b 2 p 2 3 p 2 4 Q, 

F 5 = a 2 b 2 -f 2 2l 2 R, F e = a 2 b 2 -fjj 2 R, F 7 = a 2 b 2 5lS 2 2 S, F 8 = a 2 b 2 S 2 3 SlS, 

2 2 

F 9 = a 2 b 2 {012013 ft 2 f3 3 — aia4/9 1 /3 4 ) 2 det(7) det(<5), 

2 2 

F w = a 2 6 2 (aia 4 /3 2 /3 3 -a 2 a 3 /3 1 /3 4 ) 2 det(7)det((5). (A2) 

From Eq. (|A2|1 . for each state of this subfamily L a \, C2 with c = 0, Fj have the following properties. 
Property 2.1. If ab ^ and Fi = then |F 9 | + |Fi | + 0, i = 1, 2, 3, or 4. 
Property 2.2. If ab ^ and FiF 2 = F 3 F 4 = then F 9 = A F w ^ or F 9 ^ A F i0 = 0. 
Property 2.3. If ab ^ 0, a 7^ ±6, and F 1= F 2 = F 3 = F± = 0, then F> 2 ^ 0. 
Property 2.4. If Ft = F 2 = or F 5 = F 6 = then D x = 0. 
Property 2.5. If Ft = F 2 = or F 7 = F 8 = then D 3 = 0. 

From the Table II (1), it is not hard to see that the classes Bl.l, B1.2, B1.3, B1.4, and B1.5 are different 
from each other by the values of T, D±, D 2 , D3. Note that the state L abC2 with c = a = 0Ab^0 and the 
state I/ a bc 2 with c = 6 = 0Aa^0 are different representatives of the class B1.5 because these two states are 
obtained from each other by SLOCC I ® a z ® cr z ® I. 



8.2 Subfamily L abC2 with abc 7^ 

This subfamily is different from the subfamily L a \, C2 with c — under SLOCC. This is because from Eq. 
(|A1|) . it is straightforward that for the representative state L a 6c 2 with abc 7^ 0, Fj do not satisfy property 
2.2. It implies that classes B2.1-B2.3, B3.1-B3.3, B4.1 and B4.2 in Table II (2) are different from classes 
B1.1-B1.5 in Table II (1). 



8.2.1 Subsubfamily F a f, C2 with abc 7^ and a = b 

L abC2 becomes L abC2 (a = b) = a (|0000) + 1 1111>) + c ( |0101> + |1010)) + |0110). For any state which is 
connected with L abC2 {a — b) by SLOCC, we obtain the following Fj and £>,. 



Fi 


= (a 2 


2\2 2 2 n tp ( 2 

— c ) a 1 a 2 F, b 2 = (a 


2\2 2 2 r> 

— c ) a 3 a 4 P, 




F 3 


= (a 2 


~c 2 ) 2 f3lf3 2 2 Q,F 4 = (a 2 


- c 2 ) 2 PlPlQ, 




F 5 


= (a 2 


-c 2 ) 2 ^ 2 1 R,F 6 = (a 2 


- c 2 ) 2 ihlR, 




F 7 


- (a 2 


-c 2 ) 2 5l5 2 2 S,F 8 = (a 2 - 


- c 2 ) 2 6j6lS. 


(A3) 



Di = acdet(a) det 2 (/3) det( 7 ) det 2 ((5)(a 2 aia 3 7 1 7 3 +c 2 aia 3 7 1 7 3 +acQ; 2 Q; 3 7 2 7 3 +acQ!iQ! 4 7 2 7 3 +acQ! 2 a 3 7 1 7 4 + 
aca i a 4 7 1 7 4 + a 2 a 2 a 4 7 2 7 4 + c 2 a 2 a 4 7 2 7 4 ), 

F>2 = -c(a 2 - c 2 )aia 3 /? 2 /3 4 det(a) det(/3) det 2 ( 7 ) det 2 (<5), 
D3 = -a(a 2 - c 2 )aio; 3 (5i(5 3 det(a) det 2 (/3) det 2 ( 7 ) det(£), 

When a 7^ ±c, from Eq. (|A3[) and the above £> 4 , £> 2 and -D 3 , it can be verified that the following 
properties 3.1-3.5 hold for each state which is connected with L ab c 2 with abc 7^ 0, a = b and a 7^ ±c by 
SLOCC. 

Property 3.1. If F 1 = F 2 = 0, then D 2 = D 3 = 0. 

Property 3.2. If F 3 = F 4 = 0, then F> 2 = 0. 

Property 3.3. If F 7 = F 8 = 0, then F> 3 = 0. 

Property 3.4. If Ft = F 2 = F 5 = F 6 = 0, then D x ^ 0. 

Property 3.5. If Ft = F 2 = F 3 = F 4 = 0, then F 9 7^ and F w ^ 0. 

We argue that property 3.4 holds as follows. 

When Fl = F 2 = and F5 = Fg = 0, there are following four cases: case 1. cti = a 4 = and r y 1 — 7 4 = 0, 
case 2. oji = a 4 = and 7 2 = 7 3 = 0, case 3. a 2 = a 3 = and 7i = 7 4 = 0, case 4. a 2 = a 3 = and 
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7! = 74 = 0- From the above four cases, any state, which is connected with L abC2 with abc ^ 0, a = b and 
a ±c by SLOCC, satisfies the above property 3.4: 

8.2.2 Subsubfamily L abC2 with abc ^ and a = — b 

When a f ±c, L abC2 becomes L abC2 (a = -b) = a (|0011) + |1100>) + c ( |0101) + |1010» + |0110). For any 
state which is connected with L abC2 with abc ^ 0, a — —b and a ^ ±c by SLOCC, i*$ (i = 1, 8) satisfy 
Eq. ([A"3"|) and the following Di, D 2 , and L> 3 hold. 

Di = -a(a 2 - c 2 )aia 3 7 2 7 4 det(a) det 2 (/3) det(7) det 2 (<5), 

D 2 = -c(a 2 - c 2 )aia 3 /3 2 /3 4 det(a) det(/3) det 2 (7) det 2 ((5), 

L> 3 = acdet(a) det 2 (/3) det 2 (7) det(<5)* 

(a 2 a2Q;4(5i(53 + c 2 a2a:4<5i<53 + aca2a3(52^3 + acaio;4(52(53 

+aca 2 a 3 Si54 + acaia^SiSn + a 2 aia:3<52<54 + c 2 a\a 3 5 2 84). 

Property 3.5 also holds. We can derive the following properties 4.1-4.4 for each state which is connected 
with L a bc 2 with abc =/= 0, a = —b and a =/= ±c by SLOCC. 
Property 4.1. If F 3 = F 4 = 0, then D 2 = 0. 
Property 4.2. If F x = F 2 = 0, then D x = D 2 = 0. 
Property 4.3. If F 5 = F 6 = 0, then D x = 0. 
Property 4.4. If F x = F 2 = F 7 = F 8 = 0, then D 3 ^ 0. 

From Eq. fM]l . for the state L abC2 (a = -& ^ 0), = 0, i = 1,2,3,4,5,6,7,8, and Dx = D 2 = 0. 
Therefore, the state L abC2 (a =—6^0) does not satisfy Property 3.4. It means that classes B3.2 and B3.3 
are different from classes B2.2 and B2.3, respectively. 

8.2.3 Subsubfamily L abC2 with abc ^ and a ^ ±6, but c = ±o or c = ±6 

By discussion in Sec. 4.2.3, we only need to consider c = a here. 

When c = a, L abC2 becomes ^(|0000) + |1111>) + 2z±(|0011) + |1100>) + o( |0101) + |1010» + |0110). 
Thus, each state in this subsubfamily satisfies the following equations. 

Fi = a{a 2 - b 2 )afP, F 2 = a(a 2 - b 2 )a\P, F 3 = a(a 2 - b 2 )f3 4 2 Q, F 4 = a{a 2 - b 2 )(i\Q, F 5 = a{a 2 - b 2 )^R, 
F 6 = a{a 2 - b 2 )"/jR, F r = a(a 2 - b 2 )5\S, F s = a{a 2 - b 2 )5*S. 

We omit the complicated expressions of Fg, Fio, D\, D 2 , and D 3 . 

It is plain to see that Fi satisfy the following inequality. 

|f i | + |fi+i| ? feO,t = l > 3 J 5,7. (A4) 

We also have the following properties for each state which is connected with L abC2 with abc ^ 0, a ^ ±6, 
and c = a by SLOCC. 

Property 5.1. If F X F 2 = and F 5 F 6 = 0, then D x ^ 0. 
Property 5.2. If F X F 2 = and F 3 F 4 = 0, then D 2 ^ 0. 
Property 5.3. If F X F 2 = and F 7 F$ = 0, then D 3 ^ 0. 
Property 5.4. If F 2 = F 3 = 0, then F g ^ and F xo 7^ 0. 

In Eq. (|Aip . Fi and £>2 obtained by letting a = ±6 do not satisfy Properties 5.2. It implies that classes 
B2.2, B2.3, B3.2 and B3.3 are different from classes B4.1 and B4.2. 

8.2.4 Subsubfamily L abC2 with abc 7^ 0, and x 7^ ±y, where x, y <E {a, b, c} 

Each state in this subsubfamily satisfies the following. 
Fi = a 2 [c(a 2 - b 2 )a\ + (a 2 - c 2 )(b 2 - c 2 )a 2 ]P, 
F 2 = a 2 [c(a 2 - 6 2 )a 2 + (a 2 - c 2 )(b 2 - c 2 )a 2 ]P, 
F 3 - 4[c(a 2 - b 2 )fi\ + (a 2 - c 2 )(b 2 - c 2 )p 2 ]P 7 
F A = f3l[c(a 2 - b 2 )Pl + (a 2 - c 2 )(b 2 - c 2 )/3 2 ]P, 
F 5 = 7 2 [c(a 2 - 6 2 ) 7 2 + (a 2 - c 2 )(b 2 - c 2 ) 7 2 ]P, 
F 6 = 7 2 [c(a 2 - 6 2 ) 7 2 + (a 2 - c 2 )(b 2 - c 2 ) 7 ^]P, 
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F r = S 2 Ma 2 - b 2 )6l + {a 2 - c 2 ){b 2 - c 2 )5 2 2 ]P, 
F s = S 2 3 [c(a 2 - b 2 )6 2 3 + {a 2 - c 2 ){b 2 - c 2 )5 2 ]P, 
T= \{a 2 + b 2 + 2c 2 )T. 

We want to show that some states in this subsubfamily violates Eq. (I A4|) . So, this subsubfamily is 
inequivalent to the subsubfamily L abC2 with abc 7^ and a 7^ ±6, but c = ±a orc = ±6 under SLOCC. The 
following is our argument. 

/ 2 2w 2 l2\ 

For the operator a, let a± — 0, a 2 ^ 0, a| = c ( a 2^ b 2) — -a 2 , and 04 7^ 0. Clearly, det(a) 7^ 0, but 
Fx = F 2 = 0. So, it violates Eq. (|A4|l . 

8.3 Subfamily L a b C2 with c 7^ and ab = 

There are three subsubfamilies. They are the subsubfamily L a \y C2 with c 7^ and a = b = 0, the subsubfamily 
L a bc 2 with c 7^ and a = and b = c, and the subsubfamily L a b C2 with be ^= and a = and 6 7^ ±c. 

8.3.1 Subsubfamily L a {, C2 with c 7^ and a = 6 = 

L a t, C2 becomes L a b C2 (a = b = 0) = c ( |0101) + 1 1010)) + |0110). Each state, which is connected L a b C2 (a = 
b = 0) by SLOCC, satisfies the following Di and F^. 

L>i = L> 3 = 0, £> 2 = c 3 aia 3 /? 2 /? 4 det(a) det(/3) det 2 ( 7 ) det 2 (<5), 

Fi (i = 1, 8) can be obtained from Eq. (|A3|) by letting a = b = 0. 
F 9 = c 4 (aia 4 /3 2 /3 3 - a2a3/3i/3 4 ) 2 det 2 (7) det 2 (<5), 

F10 = c 4 (a 2 a 3 (3 2 f3 3 - aia 4 /3 1 /3 4 ) 2 det 2 ( 7 ) det 2 (S). 

It is easy to know that the above Fj satisfy Properties 2.1 and 2.2. 

Each state, which is connected with L a t> C2 with c 7^ and a = b = under SLOCC, satisfies the following 
Properties 6.1 and 6.2. 

Property 6.1. If Fx = F 2 = or F 3 = F 4 = 0, then L> 2 = 0. 

Property 6.2. If FxF 2 = and F 3 F 4 = 0, then F 9 = A F w ^ or F g ^ A F 10 = 0. 

Remark 1. Classes B1.5 and B5.1 are different though they have the same information for T, Dx, D 2 , 
and D 3 . 

We argue remark 1 as follows. From Eq. (|A2|) . when ab = 0, any state in class B1.5 satisfies Fi = 0, 
i = 1, 10. But a representative of class B5.1 is c( |0101) + |1010» + |0110), for which F 10 = c 4 ^ from 
Eq. (jAlj) . Therefore classes B1.5 and B5.1 are different. 

8.3.2 Subsubfamily L a b C2 with c 7^ 0, a = 0, and b = c 

This subsubfamily is a true SLOCC entanglement class. 
For each state of this class, we have the following F^. 
Fx = ~b 3 afP, F 2 = -& 3 a|P, F 3 = -b 3 $Q, F 4 = ~& 3 /3 4 Q, 
F 5 = -P-fiR, F 6 = -6 3 7 |i?, F 7 = -b 3 8iS, F 8 = -& 3 <5 4 S. 

Fi satisfy Eq. (|A4jl . Therefore, this class is different from the classes obtained from c = and the classes 
obtained from c 7^ A a = ±b because the Fi (i = 1, 8) of the latter representative states vanish. See Eq. 
(|A1|) . We also have the following properties. 

Properties 5.1, 5.2, and 5.3 hold for this case. 

Each state, which is connected with L a i, C2 with c 7^ and a — and b = c under SLOCC, satisfies the 
following property 6.3 

Property 6.3. If F 2 = F 3 = 0, then F 9 = and F 10 ^ 0. 

From Eq. (|A1[) , it is obvious that the representative state with a = and b = c 7^ does not satisfy 
property 5.4. Hence, the class B5.2 is different from classes B4.1 and B4.2, respectively. 

For the state L a i, C2 with c = and ab 7^ 0, we obtain Fg 7^ and Fxq = from Eq. (jAljl . Thus, it 
violates property 6.3. It means that classes B1.3 and B1.4 are different from the class B5.2. 

From Eq. (jAlj) . the representative state L a b C2 with abc 7^ does not satisfy property 6.2 or 6.3. Hence, 
the classes in the subfamily L a t>c 2 with abc 7^ are different from the classes B5.1 and B5.2, respectively. 
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8.3.3 Subsubfamily L a b C2 with be ^ and a = and b ^ ±c 

Each state of this subsubfamily satisfies the following equations. 
1 = (6 2 + 2c 2 )/2*T, 

Fi = -ca 2 {b 2 a 2 + c(b 2 - c 2 )a 2 ) *P,F 2 = -ca 2 {b 2 a\ + c{b 2 - c 2 )aj) * P, 
F 3 = -c/? 2 ,^ 2 + c (b 2 - c 2 )(3l) * Q, P 4 = -ctfffifc + c(b 2 - c 2 )/? 2 ) * Q, 
F 5 = -c 7 | (6 2 7l + c(6 2 - c 2 ) 7l ) * i?, F 6 = -c 7 l(6 2 7! + c(6 2 - c 2 ) 7 |) * i?, 
F 7 = -c5l{b 2 5l + c(b 2 ~ c 2 )S 2 2 ) *S,F S = -c6 2 3 {b 2 S 2 3 + c(b 2 - c 2 )Sl) * S. 

We can choose ot\ — 0, a 2 ^ 0, 04 ^ 0, and a 2 = ^ — o; 2 such that det(a) ^ but F-y = F 2 = 0. 
This violates Eq. (|A4[) . Therefore this subsubfamily is different from the subsubfamily L a b C2 with c ^ and 
a = and b — c. 
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